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Motivation

n What is model validation ?
n Verification of uncertainty models for 

robust control.
n Discrete time validation or continuous 

time validation (real plants).
n Effects of sampling.
n Time domain Vs/ Frequency Domain 

validation.



Model Validation Problem 
Formulation

Uncertainty Model:
0M : Postulated nominal model.

? : Set of possible system uncertainties.

D : Set of possible disturbance signals.
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A model is not invalidated by       and       if the data are consistent with the 
model up to time L, i.e.

exptyexptu

Note: We can never validate a model (but can state that it is consistent with 
the past data). 
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Sampled-data uncertainty model
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Problem Formulation contd.

Given an observed I-O data record               , does there exist
such that:
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Simplifications:

• Precompute the nominal output (holds for nonlinear models also).
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So now we have problem of the form:
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LTI and LTV Model Validation

Two types of model validation problems based on system uncertainty:

• LTI model validation

CTLTI −∆ CTLTV −∆

• LTV model Validation
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The uncertainty is additive,
linear time invariant.

The uncertainty is additive,
linear time varying.

As we will see later, its easier to deal with LTV uncertainty. The problem 
turns out to be convex in nature. 



Continuous time Interpolation 
Theorems

n CTIT used to solve the sampled-data model validation problem.
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Theorem:

n There exists a                  satisfying the above condition if and only if
for every finite set             and              for         .Rk ∈α
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n There exists a               satisfying the above condition if and only if
for all             .
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Discrete time Interpolation Theorems
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n There exists a               satisfying the above condition if and only if
for all             .
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Or, equivalently if and only if given any 



LTV Model Validation

Temporary Assumptions

n Suppress the weighting functions.
n Suppress the disturbance input.
n Assume             and             for some kernels
n Assume  

φHH = ϕSS = ϕφ   and  

00 =M

?∈∆∆=     u         H Sy φϕ

Use CTIT:

• If the above sampled-data uncertainty model is not invalidated, then for
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• If for all

then the above sampled-data uncertainty model is not validated by the 
I/O data
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LTV Model Validation

Sampled-data 
model validation

discrete-time model 
validation on the sampled 
data.

≅

Using Continuous time Interpolation theorem we see:

When sample and hold kernels are equal and scalar, then the necessary 
condition becomes sufficient.
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Then the sampled-data uncertainty model is not invalidated by the 
observed I/O  data if and only if for 1L 0,1,.....,k  all −=
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LTI Model Validation

n Make same simplifying assumptions.
n Using analogy to LTV validation, we’ll get similar theorems.
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• If the above sampled-data uncertainty model is not invalidated, then for
1L 0,1,.....,k  all −=
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In contrast to the case of LTV validation, no general sufficient condition.

•When sample and hold kernels are equal and scalar, then the necessary 
condition becomes both necessary and sufficient.
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Important Observations

n In case of general kernels, we cannot apply the continuous time 
validation test without first discretizing within each sampling interval.

n Involves working with huge Toeplitz matrices – “Expensive” 
computationally.

n So frequency-domain validation  is “easier” to apply in case of LTI 
sampled-data uncertainty models.

Note: All the model validation tests presented are convex in
expty

so they can be solved easily using using convex programming tools



Weighting Functions

n Replace the continuous-time weighting functions with equivalent discrete
time weighting functions together with new sample and hold kernels.
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Weighting Functions (contd.)

n Similarly, we can intertwine left weighting function with sample kernel giving:
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n Reduce weighted sample-data uncertainty models to unweighted validation 
problems
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Weighting functions (contd.)
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• So the weighted model validation problem has been reduced to a 
Convex programming problem

Note:

• Equivalent discrete time filters are of higher order than continuous time filters.

• We are concerned only with the norms of signals (in LTV case), 

⇒ no increase in complexity of the problem



Model Validation with Noise

n Uncertainty model with additive system uncertainty and additive discrete 
time noise.

D?, ∈∈∆+∆= d              d  u   H W  W Sy RL φϕ

Validation of the above model

c
Does there exist a          such that       and                 does not 
invalidate (noiseless) uncertainty model
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Continuous-time Noise

n Disturbance was assumed discrete-time in the model.
n Need to find an equivalent continuous-time disturbance.
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CT disturbanceCT filter
Set of CT
disturbances

Equivalent discrete time noise: CTdd DWS        withwWSd φφ == D

After some simplifications, we get:
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LTV Model Validation with Noise

Consider the model
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n If the above uncertainty model is not invalidated, then there exists with
such that
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Conclusions

n Formulated sampled-data time domain model validation 
problem.

n Additive uncertainty model with additive signal 
disturbance.

n Convex programming solution for LTV case.
n Solution related to equivalent discrete-time validation.
n Frequency domain validation is more useful for LTI 

validation.
n Continuous time generalization of discrete-time 

interpolation theorem.



Questions



Toeplitz Matrix

n Given vectors                             the block lower Toeplitz matrix is given 
by:
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Sample and Hold Operators

n Use integral operator model for the sample operator (A/D circuit).
n Use generalized kernel to model hold operator(D/A circuit).

Let          be the sample-time and               be a matrix-valued generalized 
hold function. Then, hold operator with kernel 
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